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HIGH ENERGY SIGN-CHANGING SOLUTIONS TO 
SCHRODINGER-POISSON TYPE SYSTEMS 

CYRIL JOEL BATKAM 


Abstract. We prove the existence of infinitely many high energy sign-changing 
solutions for some classes of Schrodinger-Poisson systems in bounded domains, 
with nonlinearities having subcritical or critical growth. Our approach is vari¬ 
ational and relies on an application of a new sign-changing version of the 
symmetric mountain pass theorem. 


1. Introduction 


This paper is concerned with the existence of high energy sign-changing solutions 
to some elliptic systems of Schrodinger-Poisson type. The Schrodinger-Poisson 
system is a simple model used for the study of quantum transport in semiconductor 
devices that can be written as 

{ =-■^Atlj{t,x) + (l){t,x)ip{t,x) - g{tjj{t,x)) in n 

\ in n, 

where is a domain in h is the Planck constant, m is the particle mass, A is the 
usual spatial Laplace operator, i/; : R. x ^ C is the wave function, : K x 17 ^ C 
is the electrostatic potential, and 5 : R —» C is a nonlinear term describing external 
perturbations and interactions between many particles. In case 17 is bounded, one 
can impose the boundary conditions ip = (j) = Q, which physically mean that the 
particles are constraint to live in 17. For more information on the physical relevance 
of the Schrodinger-Poisson system, we refer to [aim US]. 

The study of standing wave solutions of (HD, that is solutions of the form 

x) = x)^, u{x) e R, w > 0, 

leads to a problem of the form 


{ —Au + (j>u = /i(x, u) in 17 
I —Ap = V? in 17, 


( 1 . 2 ) 


which has been widely study in the last decade. Many important results concern¬ 
ing existence and non existence of solutions, multiplicity of solutions, least energy 
solutions, radial and non radial solutions, semiclassical limit and concentrations of 
solution have been obtained. See for instance miiiHiiiiiiiniiiiiiiiiiiiiaiiij 
and the references quoted there. In these papers, some of the solutions found are 
nonnegative, but in many cases the sign of the solutions cannot be decided. The 
existence of a sign-changing solutions to m was considered recently by Alves and 


2010 Mathematics Subject Classification. Primary 35J47 Secondary 35B33; 35J50; 35J91. 

Key words and phrases. Schrodinger-Poisson systems, Sign-changing solutions, High energy 
solutions, Infinitely many solutions. Critical nonlinearity. Variational methods. 


1 



2 


HIGH ENERGY SIGN-CHANGING SOLUTIONS 


Souto [T] , Kim and Seok [13] and Wang and Zhou [24] . They obtained a non trivial 
sign-changing solution by using the method of the Nehari manifold. We recall that 
a solution (u, 0) to (11.21) is said to be sign-changing if u changes its sign. The 
existence of many sign-changing solutions to m was an open problem until the 
recent work of Liu, Wang and Zhang m- In that very nice paper, they consid¬ 
ered (IE3 in the whole space and they obtained infinitely many sign-changing 
solutions by using a new version of the symmetric mountain pass theorem in the 
presence of invariant sets of the descending flow established in m- However, the 
nonlinear term h was assumed to be of subcritical growth. Moreover, it seems that 
there is no result in literature on the existence of sign-changing solutions to the 
Schrodinger-Poisson system with critical growing nonlinearities. 

The first goal of this paper is to prove the existence of (many) sign-changing 
solutions to m by allowing the nonlinear function h to contain a critical term. 
More precisely, we investigate the existence of multiple sign-changing solutions to 
the system 

{ —Alt + (pu = f{x, u) + Alt® in H 
—Ap = V? in H 

u = (j) = 0 on dn, 

where H is an open bounded subset of R® with smooth boundary, A ^ 0, and 
/ : H ^ R satisfies the following conditions: 

(/i) / G C(H X R, R) and there exists a constant c > 0 such that 
\f{x,u)\ ^ c(l + where 4 < p < 6 ; 

(/ 2 ) f{x,u) = o(|it|), uniformly in a; G H, as it —> 0; 

(/a) there exists > 4 such that 0 < fj,F{x,u) ^ uf{x,u) for all it 7 ^ 0 and for 
all X G fl, where F{x, it) = f{x, s)ds; 

if 4 ) fix, —u) = — fix, It) for all (x, u) G H x R. 

We shall prove the following results. 

Theorem 1.1 (Subcritical case). Assume that A = 0. If if 1 , 2 , 3 , 4 ) are satisfied then 
(S'P)o has a sequence of solutions such that is sign-changing and 

i I iVitfep-t i I (pkul- I F(x,iife)^oo, as CO. 

^ JQ 4 Jq Jo 

Theorem 1.2 (Critical case). Assume that (/i, 2 , 3 , 4 ) are satisfied. Then there exists 
a sequence i\k,Uk,4>k)such that Xk —* 0+, iuk,4>k) is solution to iSP)\^, Uk is 
sign-changing, and 

i r |Vitfcp-li r (pkuldx- r Fix,Uk)-^ { ul^co, as CO. 

^ Jn 4 Jo Jo D Jo 

Remark 1.3. It was claimed by the authors of m that Theorem o holds (see 
Remark 1.1 in m)- However, the proof we provide here, which is based on a 
different approach, appears to be much more simpler. 
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Our approach in proving Theorems 11.11 and 1 1. 21 is variational and relies on a new 
sign-changing critical point theorem, we established in a recent paper [7], which is 
modelled on the fountain theorem of Barstch [B] . 

In the second part of this paper, we will use the same approach to study the 
following Schrodinger-Poisson type system: 

r —Am -I- tjju^ = \u\‘^~'^u in 17 
(SPl) -( —A-ip = in 17 

[ u = Ip = Q on 517, 

where 17 is a bounded domain in with smooth boundary. This problem was 
first introduced by Azzollini, d’Avenia and Luisi in [3]. By combining the method 
of cut-off function with variational arguments, they proved that (-S'Pl) possesses at 
least one non trivial solution when 17 is contained in and 1 < 9 < 5. In laiMiiis], 
the authors studied the case where the non local term grows critically. However, in 
those papers only nonnegative solutions were found. As far as we know, there is no 
result concerning the existence of sign-changing solutions of {SPl). Therefore, the 
second goal of this paper is to prove that (S'Pl) possesses sign-changing solutions. 

Our result on this problem reads as follows: 

Theorem 1.4. Let Q. be a bounded smooth domain in (N = 1,2). If q > 8 
then {SPl) has a sequence '0fc )of solutions such that Uk is sign-changing 
and 

TT |Vufc|^ + - i>kul -Iwfcl'^^ao, as CO. 

^ JO, o Jn d JO. 

Remark 1.5. As a consequence of the Lax-Milgram theorem, {SPl) can be trans¬ 
formed into a single semilinear elliptic equation such that the non local term is ho¬ 
mogeneous of degree 8 (see Section^. Therefore, condition q > 8 in the statement 
of Theorem \1.4\ is needed to guarantee that the problem possesses the mountain pass 
structure, which is crucial for our argument. However, it seems that this condition 
can be relaxed by means of the perturbation method used in m- 

The paper is organized as follows. In Section [21 we state the abstract critical 
point theorem we will apply in the proof of our main results. In Section [31 we 
provide the proof of Theorems II.II and 11.21 Finally, we prove Theorem 11.41 in 
Section |4l 

Throughout the paper we denote by | • |q the norm of the Lebesgue space LP{LI), 
by ” ^ ” the strong convergence and by ” ^ ” the weak convergence. 

2. Abstract preliminary 

In this section, we present the critical point theorem which will be applied to 
prove our main results. 

Let $ be a C^-functional defined on a Hilbert space X of the form 

X := with dim Aj < 00 . (2.1) 

We introduce for fc > 2 and m> k P 2 the following notations: 

Zk = ©” feA,, Zr = ©”LfeA,, Bk:={ueYk\\\u\\^pk}, 
Nk := {ue Zk \ ||u|| = r^}, N(T := {u& Z(T\ ||m|| = rfc}, where 0 < < pk, 

■— Xjji '.= (u G Yjn = 0 | and '.= Yjj(\Kjfi. 
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Let Pm be a closed convex cone of Ym ■ We set for fim > 0 

S Ym I dist (u^ i-fm) ^ f^m }; Pm Pm ( Pm) ^Lld Sm ■ Ym\Pm ■ 

We will also denote the a-neighborhood of S' c Ym by 

Va{S) := [u e Ym\ dist{u, S) ^ a}, Va > 0. 

The following result was established by the present author in [7]. For the sake of 
completeness, the proof will be provided in this paper. 

Theorem 2.1. Let $ e C^(X, K) be an even functional which maps bounded sets 
to bounded sets. If, for fc > 2 and m > k + 2, there exist 0 < Vk < Pk and ptm > 0 
such that 

(Ai) Qk ■■= max„e5B^ $(m) < bk := inf„eAr^ $(u). 

(A 2 ) Nff cz Sm. 

(^ 3 ) There exists an odd locally Lipschitz continuous vector field B : Em Ym 
such that: 

(i) B{[±Dl) n Em) ^ ±Pl; 

(ii) there exists a constant oi > 0 such that — B{u)') ^ Q!i||m — 

S(u)p, for any u e Emi 

(iii) for a < b and a > 0, there exists /3 > 0 such that ]|it — i?(M)|| ^ jd if 
u e Ym is such that d>rn('a) e [a,b] and ||<i>^(u)|| ^ a. 

Then there exists a sequence {uf:^)n c Vv^iSm) such that 

lim <i>m{Km) = 0 and lim <i>m{Km) e [ 6 fc, max $(u)]. 

The proof of this theorem relies on the following deformation lemma. 

Lemma 2.2. Let $ e R) be an even functional which maps bounded sets 

to bounded sets. Fix m sufficiently large and assume that the condition ( 4 I 3 ) of 
Theorem mi holds. Let c e R and £9 > 0 such that 

Vw G $-1 ([c - 2£o, c + 2£o]) nF^(S™) : ||ci>;,(u)|| ^ £ 9 . (2.2) 

Then for some e g] 0 ,£ 9 [ there exists rj G (^([0,1] x Ym,Ym) such that: 

(i) r]{t,u) = u for t = 0 or uf 2 £,c+ 2 £]); 

(ii) -co>c + £]) c $-i(] -GO,c-£]); 

(iii) ^m{v{‘,u)) is not increasing, for any u; 

(iv) 77([0, 1] X Dm) c Dm; 

(v) rjlf, •) is odd, for any t G [0,1]. 

The proof of this lemma is given in the appendix. 

Proof of Theorem \2. 1\ (^i) and {A 2 ) imply that for k big enough we have ak < 
h < infueAT- ^m{u)- Let 

:= {7 G C{Bk,Ym ); 7 is odd, fdBk = id and ^{Dm) c Dm). 

r™ is clearly non empty and for any 7 G T™ the set U := {u e Bk ; || 7 (u)|| < rk} is 
an open bounded and symmetric (i.e. —U = U) neighborhood of the origin in Yk. 
By the Borsuk-Ulam theorem, the continuous odd map 11 ^ o 7 : dU cz Yk ^ Ffc-i 
has a zero, where 11^ : X —> Yk-i is the orthogonal projection. It then follows that 
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'){Bk) n NJ^ ^ 0 and, since Njp cz Sm, that 7(-Bfe) n Sm ¥= 0 - This intersection 
property implies that 

Cfc m := inf max $m(M) ^ inf $(u) bk- 

7€r]^ ue'y{Bk)r\Sm 

We would like to show that for any eg g]0, [, there exists u G — 

2 eo,Cfe,m + 2eo]) g 14 ™ (S’™) such that ||^'m(w)ll < ^o- 

Arguing by contradiction, we assume that we can find Gq £] 0 ) g^ch that 

||$^(m)|| ^ £o, Vm G - 2£o,Cfc,m + 2 £o]) n Vji ^{ Sm )- 

Apply Lemma [2.21 with c = Ck,Tn and define, using the deformation ij obtained the 
map 


e-.Bk^ Ym, 

0{u 

) := 77(1,7(77)) 

where 7 G T™ satisfies 



max 

4 >m( 77 ) 

^ C-k^m 

Ue'f{Bk)r,Srr, 


with £ also given by Lemma 12.21 

Using the properties of rj (see Lemma HTIh . one can easily verify that 9 G L™. 

On the other hand, we have 

ry(l, 7 (Bfe)) n c ry(l, $“i(] - co, Ck,m + e]) n Sm)- (2.4) 

In fact, if w G 77(1, 7 (S/c)) n Sm then u = 77 ( 1 , 7 ( 11 )) G Sm for some v G Bk- Observe 
that 7 ( 7 ;) G Sm- Indeed, if this is not true then we have 7 ( 7 ;) G Dm, and by (iv) of 
Lemma 12.21 we have u = 77 ( 1 , 7 ( 7 ;)) G Dm which contradicts the fact that u G Sm- 
Since by (12.311 7 ( 7 ;) G $4^(] — go, Ck,m + £]), we deduce using (ii) of Lemma [22] that 
u = 77 ( 1 , 7 ( 7 ;)) G 77 ( 1 ,] — GO, Cfc,m + £] G S'm)- Hence (12.41) holds. 

Using (12.41) and (ii) of Lemma 12.21 we obtain 

max $m('a) = max ^miu) 

ue0{Bk)r,S «€r;(l, 7 (Bfc))nS„ 

^ max 47 ^( 77 ) 

^ Ck,m G, 

contradicting the definition of Ck,m- 

The above contradiction assures that for any £0 g ]0, there exists u G 

4>4^([cfc ,m 2£o,Cfc,m + 2 £o]) n Va^^Sm) such that ||$(„( 77 )|| < £ 0 . 

We then deduce by letting £0 goes to 0 that there is a sequence ( 77 ^ m)" ^ (Sm) 
such that 

4>L(nfc,m) ^ 0 and $m(Mfc,m) ^ Ck,m, as ti ^ go. 

□ 

3. Proof of Theorems 11.11 and 11.21 

In this section, we treat the system 

{ —A 77 ■+ (j)u = f{x, 77 ) -I- Art® in 0 
—A(/) = 77 ^ in 0 

u = (j> = Q on do. 

We will assume throughout this section that (/i, 2 , 3 , 4 ) are satisfied. 
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Let X := Hq{V,) be the usual Sobolev space endowed with the inner product 

(u, u) = VuVu 

Jn 

and norm ||up = (m,u), for u,v e Hq{Q). 

For any fixed u G iJg(n), the Lax-Milgram theorem implies that the problem 

—A(j) = , (j} G iLQ(n) 

has a unique solution (/)„. Moreover, has the following properties (see e.g [50] 
for a proof): 

Proposition 3.1. For u G Hq{^) we have 

(i) 4>u ^ Q and there exists C > 0 such that ||(?!)ii|| ^ CHup; 

(ii) 4 >tu = t^4>u, for all t ^ 0; 

(iii) If Un ^ u in iLg(f2), then (j)u„ 4>u in H^iFL) and 



As a consequence of this proposition, (u, </)) G IIq{I}) x is a solution to 

{SP)x if, and only if (j) = (fu and u is solution to the non local problem 

— Au + (puU = f{x,u) + Xu^, uGiLg(r2). (3-2) 

Problem (13.21) is variational and its solutions are critical points of the functional 
defined in i?g(n) by 

/a(u) := i r (fuU^ - [ F{x,u)-^ r u®. (3.3) 

*j $*2 •J i*2 

By using standard argument one can verify that I\ G {X, K) and 

(/),(«),«)= j VuVu-I- I (fuUV — I vf{x,u) — X\ vu^. (3.4) 

Jn Jn Jn Jn 

Let 0 < iJi < (72 < CTg < • • • be the distinct eigenvalues of the Laplacian. Then 
each fjj has finite multiplicity. It is well known that the principal eigenvalue cti is 
simple with a positive eigenfunction ei, and the eigenfunctions Cj corresponding to 
CTj (j ^ 2) are sign-changing. Let Xj be the eigenspace of crj. 

We set for fc > 2 

Yk := and = ©® (3.5) 

Lemma 3.2. 

(1) For any u G Yk, we have I\{u) —> — oo, uniformly in X as ||m|| —> oo. 

(2) There exist > 0, rfc > 0 with —> cx) os fc —> cx), such that 

h{u)^^rl-c (3.6) 

for all X G [0, A^[ and for all us Zk such that ||m|| = Vk, where c> f) is constant. 

Proof. (1) We recall that (/a) implies that F[x, u) > ci |u|^ — C 2 for some constants 
ci,C 2 > 0. Since all norms are equivalent in the finite-dimensional space Yk, it is 
easy to conclude. 

(2) Using (/i) we obtain 

I\{u) > - calul^ - - C 4 , Vu G X, 
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where 03,04 > 0 are constant. If we set 

iVuP 

S := inf and /3fc := sup \u\p, (3.7) 

ueHgiCl) |u |6 usZk 

n#0 ll'^tl=l 


then we obtain 

^ ^\\uf - C3Pl\\u\\P - - C4, Vu G Zfe. 

We define 

1 1 p 

One can easily verify that the inequality (13.61) is satisfied. The fact that ^ 00 , 
as A: ^ 00 , is a consequence of Theorem 3.8 in [2^. □ 


Remark 3.3. Lemma [K^ f2} implies that 

bk := inf I\{u) —>■ go, uniformly in A, as k ^ go. (3-9) 

ueZk 

\\u\\=rk 

Now we fix k large enough and we set for m > k + 2 

7a, m ■ Krn ■ {tI G Oj", Ern • ^m\E'rm 

Pm ■■= {ueYm-, u{x) > 0 }, zr := ©"LfcAf, and iVf := {ueZ'^\ ||i 4 || = r^}. 

Remark that for all u G Pm\{0} we have uoi > 0, while for all u G moi = 0, 

where Oi is the principal eigenfunction of the Laplacian. This implies that Pmi^Zk = 
{ 0 }. Since Njp is compact, it follows that 

Sm := dist{Nff, -Pm U Pm) > 0. (3.10) 

Remark 3.4. If 0 < p-m < dm then NJf a Sm- 

For u G Ym fixed, we consider the functional 

^ I i’uv^ - I vf{x,u), veYm- 
^ ^ Jo Jn 

One can easily verify that «« is continuous, coercive, bounded below, weakly sequen¬ 
tially continuous, and strictly convex. Therefore, possesses a unique minimizer, 
namely Au, which is the unique solution to the problem 

—Av + (puV = f{x, u) -f Am®, V g Ym- 

Clearly, the set of fixed points of A coincide with Km- Moreover, the operator 
AYm ^Ym has the following properties. 


Lemma 3.5. 

(1) A is continuous and it maps bounded sets to bounded sets. 

(2) For any u G Ym we have 

{l\,miu),U - Au) ^ Ci||M->lMf, (3.11) 

l|7U(«)Hc2(l+||Mp)||M-AlM||. (3.12) 

(3) There exists pm G]0,(5rn[ such that A{±D^) cz +D^, where Sm is defined 
by (13.101) . 
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The three assertions of this lemma can be proved in the same way as Lemma 


3.1, Lemma 3.2 and Lemma 3.4 in respectively. We shall provide more details 


when we shall prove their analogues in Section |T] below. 

It should be noted that the vector field A itself does not satisfy the assumption 
(A 3 ) of Theorem l2.1l as it is not locally Liptschitz continuous. However, it is the first 
step in the construction of a vector field satisfying the above mentioned condition. 

Lemma 3.6 l|17j. Lemma 3.5). There exists an odd locally Lipschitz continuous 
operator B : Em —> Ym such that 


(1) “ B{u)) ^ i||u - A(m)P, for any u G E^- 

(2) i||M — B{u)\\ ^ ||m — A(tt)|| ^ 2 ||m — H(it)||, for any u e E, 

(3) B{{±D°JnEm)<=±Dl^. 


Lemma 3.7 ( [17). Lemma 3.3). Let c < d and a > 0. For all u G Ym such that 
G [c, d] and \\I'^ m('*^)ll ^ there exists /3 > 0 such that ||u — B(u)\\ ^ /3. 

Lemma 3.8. For any A G [0,AJ,[, there exists a sequence Uk,m £ Wm (Sm) such 
that 


h\miuk,m)=0 and Ix{uk,m) e [bk, max Io{u)]. 

’ 11C H, 


(3.13) 


Proof. By Lemmas 13.2113.61 and 13.71 and Remark 13.41 the assumptions of Theorem 
[ 2 T] are satisfied. Therefore, applying Theorem 12.II we obtain a sequence {u'J,m)n ^ 
Va^^Sm) such that 


lim = 0 and lim ) G [5fc, max /o(u)]. 

n—*oo ’ ’ n—>-00 ’ neBfc 


Using (/i) and (/a) and the fact that (j)u ^ 0, we obtain 



We then deduce that the sequence {u^ „)„ above is bounded in Ym- Since dim Ym < 


Since ITm (S'™) is 
□ 


00 , it follows that ^ 'ak,m, up to a subsequence, in Ym- 
closed and I\^rn is smooth, the conclusion follows. 


We are now ready to give the proof of Theorem 11.11 

Proof of Theorem \l.l\ Here we assume that A = 0. We consider the elements Uk,m 
obtained in Lemma 15^ In view of Lemma [3. 141 the sequence {uk,m)m is bounded 
in X. Hence, up to a subsequence, Uk,m. ^ Uk m X and Uk,m Uk in L'^(H) 
(1 ^ g < 6 ), as m ^ 00 . 

Let us denote by Hm ■. X -*Ym the orthogonal projection. It is clear that H^Wfe ^ 
Uk in X, as m ^ 00 . We have 

{,hQ.mi.ak,m'): Uk.m BmUk') — {uk.m^ Uk.m Hy^rifc) 



Since the sequence {uk,m)m bounded, we deduce from (/i) that the sequence 
{\f(.x,Uk,m)\^_)^ is also bounded. It follows, using the Holder inequality that 


P — 1 
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On the other hand, we also obtain using the Holder inequality 

I I \ ^ \^Uk m Is Is \ '^k,m him^Ic Is ^ 0- 

Jn 

Since Iq ^{uk,m,) = 0, we deduce from (13.151) that ||u/c,m|| —>• ||m/c||, and hence that 
Uk,m Uk in X, as m —>■ CO. At this point, it is straightforward to verify that Uk is 
a critical point of Iq such that /o(itfc) > bk- Since —> oo, as fc ^ oo (see Remark 
I3.31) . the proof will be completed if we show that Uk is sign-changing. 

As usual, we denote u- := max{0, ±m}, for any u e X. Observe that 

Jn 

(/i) and (/ 2 ) imply 

Ve > 0, 3ce > 0 ; |/(ai, t)| ^ e|t| -I- e x R. (3.16) 

We then obtain by using the Sobolev embedding theorem 



for some constant c > 0. Since Uk,m is sign-changing, are not equal to 0. 
Choosing e small enough it follows that (Hw^^. ||) are bounded below by strictly 
positive constants which do not depend on m. Hence Uk is sign-changing. □ 

We now prove our result in the critical case. 


Proof Theorem \1.2[ We suppose here that 0 < A < A^. We consider again the ele¬ 
ments Uk,m obtained in Lemma 13751 In view of Lemma [3. 141 the sequence (uk,m)m 
is bounded in X. Hence, up to a subsequence, we have as m —> oo: 


'^k,m ^ in 


'^k,m ^ '^k n.G. in 

(3.17) 

Uk,m Uk in L’'(H) (1 ^ r < 6); 

(3.18) 

Uk,m Uk in L®(H); 

^ ia W, 

4 >uk,m 4‘uk in L’'(H) (1 < r < 6); 

(3.19) 

4’uk.mUk,m 4’ukUk- 

(3.20) 

Jn Jn 


We claim that 


Uk.m^Uk if A < Afc := S'^/(3max Jo). 

Bk 

(3.21) 

We fix A = Afc such that 0 < A^ < min{A^,A^}. Using the same argument as in 
the proof of Theorem 11.11 above, we show that Uk is a sign-changing critical point 
of I\. such that I\. iuk) bk- Since 6^ —> oo, as fc —> oo, the conclusion of Theorem 

11.21 follows. 

We complete the proof of Theorem 11. 2 Ibv proving our above claim, 
assume that A < A|. 

(I3.19L (13.171) and Theorem 10.36 in p5] imolv that 

Let us then 

ul.m^ul in Li{n). 
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For any v e X we obtain, using the Holder inequality 



^ \4‘uk,m\3\uk,m - Ufclalwls + - (pu^lslukUlvU -> 0, m ^ 00. 

This implies that m'^k,m 4>UkUk in the space of distributions. 

It is clear that —Auk,m —Auk and f{x,Uk,m) f{x,Uk) in Therefore, 

we obtain 

-Auk + 4>ukUk = fix,Uk) + Xul in 

Multiplying the two members of this equation by Uk and integrating, we obtain 

||u/cf + f (j3ukUl= r Ukf{x,Uk) + \ I ul- (3.22) 

Jn Jn Jn 

On the other hand, ^{uk,m), Uk,m) = 0 is equivalent to 

lufc.mll F I rn^k m I Uk^m) ~ 0- (3.23) 

Jo ’ ’ Jn 

It is clear that 

||llA:,m|| ~ ll'^fcll F llllfc.m Hfc || F o(l) (3.24) 

By Brezis-Lieb lemma [9] we have 

~ F \uk^m F o(l). (3.25) 

One can verify easily that (I3.16P implies that, for almost every x G O, the functions 
s I—> sf{x,s) and s i—> F{x^s) satisfy the conditions of Theorem 2 in [^. It then 


follows that 

Ukfix,Uk)+\ {uk,m - Uk)f{x,Uk,m 
Q ao 

-Ufc) F0(1) (3.26) 

Jn J 

1 F{x.,Vjk,m^ — 

F{x,Uk) + F{x, Uk,m - Uk) + o{l). 

(3.27) 

Jn J 


Usinff (I3.16tl and (I3.18L it is readilv seen that 



an 

(3.28) 


F{x,Uk,m - Uk) ^ 0- 
Jo 

(3.29) 

We then deduce from (|3.23p. using (|3.18p. (I3.20L (I3.24L (I3.25L (13.261). and (I3.28P 

that 

||'^fc,? 7 i '^k\\ ^\'^m,k 

(3.30) 

This implies that 

Uk\\ ^ A»5* ||Wm,fc UkW "t“ 

(3.31) 

where S is defined in p.7p. If \\urr, *■ — Wfr | ^ so > 0. then bv (13.311) we would have 
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On the other hand, in view of ()3.20|1 . (j3.24|) . (13.2511 . (I3.27|l and (I3.29I1 . we have 

1 If r A 

max/o ^ = -rllMm.fcr + 7 4>u^k'>4nk- \ F{x,Um,k)--^ 

Bk I 4 Jq ' ’ Jq D 


„ \Um,k\e 


— 2 I 


A 

wlUm.fe -Uk\l+ Io{u) + o(l). 
0 


Using fl3.22p . we see that 

Io{Uk) = (^ “ (iwfc/(x,Mfe) - F{x,Uk)^ (i “ ^)l“fel6 ^ 0- 

This implies that 


inax/o ^ ^llUrn.fe - Ukf - ^\um,k - Uk\l + o(l) 

Bfc Z D 


= gllwfc.m - w/cp + o(l) (by (13.3011 ). 
Passing to the limit m ^ co and using (13.3111 , we obtain 

A ^ 5^/(3 max/o) = A^, 

Bk 

which is a contradiction. Therefore (13.2111 holds. 


□ 


4. Proof of Theorem 11.41 
We consider in this section the problem 

—Art + tjju^ = |M|'^“^rt in O 


(SPl) 


—A-ip = 
u = Ip = 0 


in O 
on dfl. 


where 0 is a bounded domain in {N = 1, 2) with smooth boundary and q > 8. 
One can verify easily that solutions of {SPl) are critical points of the functional 
defined on x i7Q(0) by 

i r iVnp -if |Vi/>p + i f - - f tu|«. 

^ Jn 4 Jq 4 Jq q Jq 

Since K is strongly indefinite, we adopt the same strategy as in Section [3] to reduce 
the problem to a definite one. The following proposition can be proved in a standard 
way (see for example [20]). 

Proposition 4.1. For all u e iJQ(O), the problem 

-A'tp = ^u'^, 

possesses a unique solution ipu- Moreover, we have: 

(i) ipu ^ 0 and there exists C > 0 such that ||'0ii|| ^ Cllrtlp; 

(ii) i’tu = t'^'ipu, for all t ^0. 

(hi) If Un ^ u in HliP) then 'tpu„ ipu in Hq{VI) and 

Jn Jn 


(4.1) 
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We consider the problem 

~ Au + tjjuU^ = ueHQ{n) (4.2) 

which solutions correspond to critical points of the functional 

^ f |u|^ ue X := H^{n). 

2 o Jn 9 Jn 

By a standard argument one shows that J is smooth on i?g(n) and 

(j'{u),v')= j VuVu + I ipuU^v — I Vu, u G i?Q (ff). 

Jn Jn Jn 

Lemma 4.2 ([4], Proposition 2.2). Let e Hq{LI) x iJg(f2). The following 

statements are equivalent: 

(1) (u,ip) is a critieal point of K. 

(2) u is a critical point of J and ip = ipu- 

For fc ^ 2, we consider Yk and Zk defined in (13.51) . Similar to Lemma [3.21 the 
following result holds. 


Lemma 4.3. 

(1) For any u G Yk, we have J{u) —> — oo, as ||u|| ^ oo. 

(2) There exists > 0 such that 

bk '■= inf J{u) —>■ CO, as k —>■ CO. 
ueZk 
ll“ll=f’fc 


Now we fix k large enough and we set for m > k + 2 

dm • 'J I Y^n 1 d^m • ■['U G , J (u) 0 )■, F/m . Yyyp\^Kjyi, 

Pm ■= {u G Ym ; u{x) ^ O}, := and NJT := G Z^Pf \ ||u|| = Tfe}. 

For any u G Ym, we denote by u = Pu G Ym the unique solution to the problem 
— Av + Ipuu'^V = V G Ym- 


Then 


j V(Pit)Vu;+ r ipuU^Puw— r |u|'^ "^uw = 0, 'iwoYm- (4.3) 

Jn Jn Jn 


We state the analogue of Lemma 13.51 for the operator P : Ym —> Y, 


Lemma 4.4. 

(1) P is continuous and it maps bounded sets to bounded sets. 

(2) For any u G Ym we have 

{Jm{u),u-Pu) Tf ci\\u-Puf, (4.4) 

ll>Jm(w)|| < C2(l + I|uf)||u-Pri||. (4.5) 

(3) There exists fim £]0, 5rn,[ such that P{±Dm) cz ±Dm, where 6m is defined 
in the same manner as in (13.101) . 

Proof. (1) Let Un —> u in Ym. By definition of P we have for any w G Ym 
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Taking w = Pun — Pu in these identities and subtracting, we obtain 

\PUn - Puf' = r {tpuU^ Pu - 1pUr,U^PUn) {PUn - Pu) 

Jn 

+ f (lUnl'^~^Un - lul'^~^u)(Pu„ - Pu). 
Jn 

Observing that 

^Uti.UjiPUji 'ijjy^u Pu ^Uji '^U^u)u 

+ '0«„(Un - u)uPUn, 

and that 

{i’ur.PUn - tlJuPu){Pu - PUn) = (Pu„ - Pu)"^ + - tjju)Pu{Pu - PUn) 

< (V'«„ - i’u)Pu{Pu - PUn), 

we obtain, using the Holder inequality and the Sobolev embedding theorem 

||PU„ - Pu|| ^ C{\\tpu\\\\PUn\\\\Un - uf + || l/>„„ || || || || Pu|| || U„ - m|| 

+ ||Mp||Pu|||V’«„ - tpuk + g ). 

g-1 

By ProDOsition l4.ll 

* b- 

By Theorem H.2 in pS] 

^ 0 . 


\UnV "^Un - ImI'* 


It then follows that ||Pu„ — Pu|| —> 0, that is P is continuous. 

To see that P maps bounded sets to bounded sets, it suffices to take w = Pu in 
(14.31) and use the Holder inequality and the Sobolev embedding theorem. 

(2) Taking w = u — Pu in (14.31) . we obtain 

I V(Pu)V(m — Pu) + I ijjuU^Pu{u — Pu) — [ — Pu) = 0. 

Jn Jn Jn 

Therefore we have 

(J),j(u),u — Pu) = ||u — Pup + r i/)„u^(u — Pu)^ > ||u — Pup. (4.6) 

Jn 

Using m, the Holder inequality, the Sobolev embedding theorem, and Proposition 
O we obtain for any w in Ym 

|(j),j(u),u;)| = I (u — Pu)Vu; + tpuu'^iu — Pu)w\ 

Jn Jn 

^ ||u — Pu||||u;|| + ci||up||u — Pu||||u;||, 

which implies that 

||J1(u)Hc2(1+||u||6)||u-Pu||, 
for some constants ci, C 2 > 0. 

(3) Let u e Ym and let v = Pu. Taking u; = u+ in (14.31) . we obtain 


I|2 


+ f ^uU^{v+)^ = f 
Jn Jf 


= I u"'"|u|^ ^u. 
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We then deduce, using the Hoder inequality, that 


„+l|2 


^ kt 


+ |9-l|7,+ i 


(4.7) 


On the other hand it is not difficult to see that ^ |m — w\q, for all w s —Pm- 

Hence there is a constant ci = ci(g) > 0 such that < cidist{u,—Pm)- It 

is obvious that dist{v,—Pm) ^ Ik'*’II- So we deduce from (14.71) and the Sobolev 
embedding theorem that 


dist{v,-Pm)\\v^\\ ^ C2dist{u,-Pm)'‘ ^||'C"^||- 


This implies that 

dist{v, —Pm) ^ C 2 dist{u, —Pm)'^~^ 
Similarly one shows that 

dist{v,Pm) ^ C3dist{u, Pm)'’~^ - 
We can then find fim £]0, (5m[ small enough such that 

dist{v,±Pm) ^ ^dist{u,±Pm) 
whenever dist{u, ±Pm) < ^J-m- 


□ 


Lemma 4.5 ([HI, Lemma 3.5). There exists an odd locally Lipschitz continuous 
operator Q : Em Ym such that 

(1) {Jmiu),u- Q{u)) 55 \\\u - Pu)f, for any u e Em- 

(2) ^\\u — Q(u)|| ^ ||u — Pm|| ^ 2 j|M — Qm||, for any u e Em- 

(3) Q((±E^) n Em) ^ ±B^. 

Remark 4.6. Lenimas^J^and^J^ imply that 

{Jm{u),u-Q{u)) ^ ^\\u-Q{u)f and 

\\Jm{u)\\ ^ C 3 (l + I|u||®)||u - Q('«)||, for all u e Em- 


Lemma 4.7. Let c < d and a > 0. For all u e Ym such that Jm{u) G [c,d] and 
ll'-Im('w)ll ^ Q;, there exists j5 > 0 such that ||m — B{u)\\ > p. 

Proof. Fix p, g] 8 ,(;[. Using (14.31) . we obtain 


Jm{u) -\{u,U- Pu) = l|w|r + (^ - ^) l^l? + (f - f 

p z p F Q ° T JQ 

— r ipuu^iPu - u). 
L Jn 

ms II • II and | • |q are equivalent on Ym, it follows that 

+ J ^ c|^| Jm(M)| + ||m||||u - Pm|| + I J - u)|j. 

Using Holder inequality and Sobolev embedding theorem, it is easy to see that 


Since the norms 


'I 


tjjuU^iPu — m)! ^ Ci||up||u — Pu\\ 


ifuU 


Noting that the function [0, +oo[^ R, s as — s^, attains its maximum at a/2, 
we finally obtain, using Lemma IU5l -f 21 

||mP ^ ^[l Jm(w)| + ||m||||u- QmII + ||m||®||m - Qwp]- 


(4.8) 
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Suppose that there exists a sequence {un) c Ym such that 

^ ^ and \llrL QHnH ^ 0- 

By (14.81) we see that (||u„||) is bounded. It follows from Remark [4.61 above that 
J'miun) 0, which is a contradiction. □ 

Proof Theorem By Lemmas 14.3114.51 and 14.71 and Remark 14.61 the assumptions 
of Theorem l2.1l are satisfied. Therefore, applying Theorem l2.1l we obtain a sequence 
iK,in)n c Va^iSm) such that 

lim = 0 and lim Jm.{ulm) ^ [fofc, max J(u)l, 

n—>oo ’ n—>oo ’ ueBk 

where bk is defined in Lemma 14.31 
For any u G Ym we have 

JM - -{JUu),u) = (i - i)||up + (J - -) f -)hp. 

This implies that 

MP<C(|J™H| + h||||j:„(u)||). (4.9) 

We deduce from (j4.9l) that the sequence {u'^ m)n obtained above is bounded. Hence 
up to a subsequence Uk,m in Ym, as n —>■ co. Since Va^ {Sm) is closed, Uk,m 

belongs to Vii^{Sm)- Since Jm is smooth, we see that 

J'm{'u-k,m) = 0 and Jm{uk,m) G T^fc, max J(u)l. 

ueBk 

Using the same argument as in the proof of Theorem ll.il we show that the sequence 
iuk,m)m converges, up to a subsequence, to a sign-changing critical point Uk of J 
such that J('Ufc) > bk- We then conclude by using the fact that bk oo, as 
k ^ CO. □ 
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Appendix 

In this appendix, we provide the proof of Lemma 12.21 
We first recall the following helpful lemma. 


Lemma 4.8 ([29], Lemma 1.46). Let Ai be a closed convex subset of a Banach 
space E. If H : At ^ E is a locally Lipschitz continuous map such that 


lim 

/ 3 ^ 0 + 


dist(u -I- l3H(u), Ai) 


= 0 , 


Vu G M, 


then for any uq g Ai, there exists <5 > 0 such that the initial value problem 

—^^jp^=H{(7{t,uo)), a{0,u)=UQ, 

has a unique solution defined on [0,5). Moreover, a(t,uo) G Ai for all t G [0,5). 
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Prop f Lemma \2.2[ Define V : Em Ym hy V{u) = u — B{u), where B is given by 
{A 3 ). Then there is <5 > 0 such that V{u) ^ S for any u e ([c — 2eo, c + 2eo]) oi 
V^^/ 2 {Sm) (in view (A 3 )-(iii)). We take e G]0,niin(eo, )[ and we define 

Ai := ^m{[c - 2e,c+ 2e]) n 14™ (S'™), ^2 := $“^([c- £,c + e]) n t4m(S'm), 


, ^ _ dist{u,Ym\Ai) _ 

^ dist{u,Ym\Ai) + dist{u, A 2 )’ 

so that X = 0 on x = 1 on A 2 , and 0 4x^1- 

Consider the vector field 


W{u) 


x(u)||1^(m)|| ^V{u), for m g 4i 
0, forMGFm\^i- 


Clearly W is odd and locally Lipschitz continuous. Moreover, by our choice of e 
above we have 

\\W{u)\\ 4^4 Vm g Ym. (4.10) 

d Ss 

It follows that the Cauchy problem 

■^a{t,u) =-W{( 7 {t,u)), cr{0,u)=ueYm 
dt 

has a unique solution cr{-, u) defined on IR+. Moreover, a is continuous on 1R+ x X. 
We have in view of (14.101) 

||cr(t,u) - m|| ^ J ||W(cr(s,'u))||ds ^ (4.11) 

and by (A 3 )-(ii) 

^^m{cr{t,u)) = -{^'^{a{t,u)),x{(T{t,u))\\V{a{t,u))\\-'^V{a{t,u))) 

^-aix{<j(t,u)). (4.12) 


Define 

2s 

r] : [0,1] X Ym ^ Ym, r]{t,u) := a{ — t,u). 

OLl 

Conclusion (i) of the lemma is clearly satisfied and by (14.1211 above (iii) is also 
satisfied. Since W is odd, (v) is a consequence of the uniqueness of the solution to 
the above Cauchy problem. 

We now verify (ii). Let v G 77(1, $4^(] — oo,c + £:]) n Sm)- Then v = r]{l,u) = 
where uG $-i(] -oo,c + e]) n Sm- 

If there exists t G [0,^] such that ^m{<^{t,u)) < c — e, then by (iii) we have 
^miv) < c-e. 

Assume now that a{t,u) G $4^([c — e, c + e]) for all t G [0, ^]. By (14.111) we have 
\\a{t,u) — u|| 4 which means, since u G Sm, that a{t,u) G Vi^m (Sm)- Hence 
(j{t, u) G A 2 and since x = 1 on A 2 , we deduce from (I4.12p that 

2e 

2s r~ 

4>m(cr( — ,u)) ^m{u) - ai x{^{i,u))dt = ^m{u)-2£. 

^ ai ' Jo 

This implies, since <i>m(w) ^ c + e, that $m(u) = <i)m(cr(^, w)) < c — e. Hence (ii) 
is satisfied. 

It remains to verify (iv). Since a is odd in u, it suffices to show that 

cr([0,+oo) X D)),) c Dl^. 


(4.13) 
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Claim: We have 

a([0,+CX)) X ;^) e (4.14) 

Assume by contradiction that (14.131) does not hold. Then there exist uq g and 
to > 0 such that a{to,uo) ^ D^. Choose a neighborhood Nu^ of uq such that c 
D^. Then there is a neighborhood Nq of a{to,uo) such that cr{to,-) : Nu^ —>■ Nq 
is a homeomorphism. Since a{to,uo) ^ D^, the set No\D^ is not empty. Hence 
there is w e such that a{tQ,w) G Nq\D^, contradicting (j4.14p . 

We now terminate by giving the proof of our above claim. 

By (A 3 )-(i) we have B{D^ n Em) c 0^, which implies that B{D'^ n Em) c 
Obviously (T(t, u) = u for all t G [0,1] and u G n Km- 

Assume that u G r^Em- If there is ti G (0,1] such that a{ti,u) ^ D^, then there 
would be Si g [0,<i) such that cr(si,u) G dD^ and a{t,u) ^ for all t G (0,ti]. 
The following Cauchy problem 

■^fi{t,a{si,u)) = -W{fj.{t,a{si,u))), ^i{0, a{si,u)) = a{si,u) G Ym 

has a{t,<T{si,u)) as unique solution. Recalling that W = 0 on Ym\Ai, we have 
V -W{v) s (y^\Ai) for any v e n (y„\Ai). 

Assume that u G Ai nZlOj. Since ||H(u)|| ^ we deduce that l — /3x(w)||H(z;)||“^ ^0 
for all /3 such that 0 < /3 ^ (5^. Recalling that v G implies dist{v,Pm) ^ Hm, 
that V{v) = V — B{v), and that aPm + bPm c Pm for all a, 6 ^ 0 (because Pm is a 
cone), we obtain for any /3 g]0, 5'^) 

dist[v - l3W{v),Pm) = dist[v - (ix(v)\\V{v)\\~‘^V{v), Pm) 

= dist{v - Px\\V{v)\\~'^{v - B{v)),Pm) 

= dist(^{l - l3x{v)\\V{v)\\~‘^)v + ^x{v)\\V{v)\\~‘^B{v),Pm^ 

^ dist(j^l - l3xiv)\\V{v)\\~‘^)v + (3xiv)\\V{v)\\~‘^B{v), 
l3x{u)\\V{v)\\-^Pm + (1 - Mv)\\V{v)\\-^)Pm) 

^ (1 - l3x{v)\\V{v)\\~'^)di.st{v,Pm) + l3x{v)\\V{v)\\~'^dist{B{v),Pm) 
^ (1 - Px{.'v)\\V{v)\\-^)fXm + ldxi.'v)\\V{v)\\-^Urn 

— 1-^771 ■ 


It follows that V — pW{v) g for 0 < /3 ^ <5^. This implies that 


dist{v + /3{-W{v)),D^) 
0^0+ fd 


= 0 , 


Vu G Dl,. 


By Lemma [4.81 there then exists i5o > 0 such that a(t,a{si,u)) G for all t G 
[0,(5o)- This implies that a{t,a{si,u)) = a(t + si,u) G for all t G [0, ^o)) which 
contradicts the definition of si. This last contradiction assures that (t([ 0,+oo) x 
W) c W. □ 

ml m 
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